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In turbulent flow, the normal procedure has been to seek means u of the fluid
velocity u rather than the velocity itself. If these means are defined by local spacial
averaging with an averaging radius of  the approach is known as large eddy
Ž .simulation, and u denotes the eddies of size 0  and larger. One approach to the
closure problem which arises from averaging the nonlinear term is use of a
scale-similarity hypothesis. We consider one such scale-similarity model. For this
model we show the solution w to the model for u converging to u as the averaging
 radius  0. We also show that the error u w is bounded by the modeling
Ž .error perhaps better termed ‘‘modeling residual’’ , evaluated on the true solution
u. This last bound suggests one path to validating the model in either computa-
tional or physical experiments.  2001 Elsevier Science
Key Words: NavierStokes equations; large eddy simulation; scale similarity;
turbulence.
1. INTRODUCTION
In the simulation of turbulent flows of scientific and technological
interest, it is usual to seek not to approximate the fluid velocity but rather
Ž .velocity averages. In large eddy simulation LES , these averages are
simple and well-defined local, spatial averages. Naturally, any averaging
process leads to the problems of closure and boundary conditions. One
general approach to closure in LES is based on a hypothesis of ‘‘scale-simi-
 larity,’’ which was introduced in 1980 by Bardina et al. BFR80 , and is
explained in Section 2. Within the scale-similarity approach to the closure
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problem, many different models are realizable, and it is an important
challenge to compare these based on experimental and mathematical
principles.
 In L99 a scale-similarity model for turbulent flow was developed. This
model depends upon a filtering process consisting of averaging or mollifi-
cation with averaging radius  ,
du g u , g   g x .Ž . 
Ž Ž . Ž ..The model consists of finding w x, t , q x, t satisfying
w    ww    w w w  w w w ,Ž . Ž . Ž .Ž .t
t    , w w wŽ . Ž .Ž .T
1.1Ž . 1qRe w A  w f , in  0, T ,Ž . Ž .
  w 0, in  0, T ,Ž .
subject to the initial and normalization conditions
1.2 w x , 0  u x , q dx 0.Ž . Ž . Ž . H0

d Ž . dHere  , d 2, 3, w, f :  0, T  , q: . Re is the
Ž . Ž .Reynolds number, and   , A  are described below.T
Ž . Ž .  Ž .The operator A  w takes the general form A  w R    Rw ,F
where R is a restriction operator to the finest resolved scales. It is defined
in Section 2 precisely by the use of its variational representation,
A  w ,      w w ,   ,Ž . Ž . Ž . Ž .Ž . Ž .F
Ž .where   is the fine scale fluctuation coefficient. It satisfies minimallyF
the consistency condition that
   0 as  0.Ž .F
Ž . Ž .Boundary conditions must be imposed on 1.1 . Since 1.1 is an approxi-
Ž .mation to a well-defined spatial average, it is possible although nontrivial
Ž .to develop accurate boundary conditions for 1.1 in general domains.
Ž .Nevertheless, since this report studies the interior model it is reasonable
to uncouple it from the important question of boundary conditions on w.
Ž .Accordingly, we will study 1.1 under periodic boundary conditions and a
zero mean condition:
1.3 w x  L, t  w x , t and u dx 0, f x , t dx 0.Ž . Ž .Ž . Ž . H Hj j 0
 
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There are several possibilities for the ‘‘turbulent viscosity’’ coefficient. The
Ž .most common ones used in computational practice are      0 asT T
Ž . 0 and the Smagorinsky model discussed later in the report . We shall
thus assume either
    , w where   0 as  0, uniformly in w ,Ž .T T T
or
2  t   , w  C  w w .Ž .T s
Our results are extensible to some more general models and boundary
conditions.
Ž .The solution w x, t of this initial boundary value problem is a model of
Ž .the local averages of the true solution u x, t of the NavierStokes
equations:
u    uu  pRe1 u f , in  ,  0, T ,Ž . Ž .t
  u 0, in  ,
u x , 0  u xŽ . Ž .0
u 0 on 	 and p dx 0.H

In other words, w is intended to be an approximation to u g u, which
Ž .represents the ‘‘large eddies’’ of size 	  in the flow field u.
Ž .Scale similarity models, like 1.1 , are based upon analogy and physically
 plausible reasoning BFR28, L99 . Such models are often mathematically
challenging in that they often give an excellent qualitative description of
the underlying phenomena but resist mathematical analysis and validation.
This paper considers mathematical issues related to the validation of the
Ž . Ž .model 1.1 . In particular, we show that the solution of 1.1 satisfies
w x , t  u x , t as  0,Ž . Ž .
rŽ sŽ ..provided u
 L 0, t; L  for some r and s satisfying
3 2




Ž .This is improvable in 2 d. A weak solution of the 3d NavierStokes
equations satisfying a uniqueness condition of this type is sometimes called
 a strong solution T77 .
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THEOREM 1.1. Let u be a strong solution of the NaierStokes equations
Ž . 2 3and let w be a weak solution of 1.1 . Suppose  or  , f

2Ž 2Ž .. 2Ž . rŽ sŽ ..L 0, T ; L  , u 
 L  , and u
 L 0, t; L  for some r and s0
satisfying
3 2




Then, for 0 T 
,
w u as  0.

Ž 2Ž .. 2Ž 1Ž ..in L 0, T ; L  and L 0, T ; H  .
Remarks. This ‘‘consistency in the limit’’ result is a fundamental mathe-
Ž .matical requirement for model consistency, yet to the author’s knowledge
there are few models for which it has been rigorously proven; see, e.g.,
  rŽ sŽ ..Foias et al. FHT00 . The condition that u
 L 0, T ; L  for these r
and s is a central open question in three dimensions. This assumption
3 Ž  implies the uniqueness of weak solutions in  Ladyzhenskaya L68 ,
   .Galdi G99 , Serrin Se63 .
The second theorem shows that the difference between u and w is
Ž .bounded by the modeling error or residual , evaluated at the true solution
u. This result shows that this difference can be evaluated in a direct
numerical simulation for u in which uu and its approximation
t˜ u  uu A  uu u u  u u u  u uŽ . Ž . Ž . Ž . Ž .T
Ž .are compared. This second theorem is for the case     .T T
THEOREM 1.2. Let u, w be strong solutions of the NaierStokes equa-
Ž . 2Ž . Ž .tions and 1.1 , respectiely. Suppose u 
 L  ,     , and u
0 T T
rŽ 2Ž ..L 0, T ; L  for some r and s in the same range as Theorem 1.1. Then, for
any t, 0 t T ,
t2 2 1 1u t  w t  Re     u w dtŽ . Ž . Ž . Ž .Ž .HT2
0
2t  ˜ C uu  u dt ,Ž .H
0
  Ž   r s .where C  C Re, u .L Ž0, T ; L Ž ..
Ž . ŽIn Theorem 1.2, the assumption that     i.e.,  is indepen-T T T
.dent of w is frequently met in engineering practice. It is, nevertheless,
quite restrictive. The most commonly used model for turbulent fluctua-
Ž .tions is the nonlinear SmagorinskyLadyzhenkaya model in which
2  t 1.4   , w  C w w .Ž . Ž .T
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 See, for example, S63, L67, DG91, L96 . This particular choice satisfies a
strong monotonicity condition. With this condition Theorem 1.2 can be
Ž .extended to include the model 1.4 .
THEOREM 1.3. Let u, w be strong solutions of the NaierStokes equa-
Ž . Ž . Ž .tions and 1.1 , respectiely. Suppose   , w is gien by 1.4 and u
T
rŽ sŽ ..L 0, T ; L  for the same range of r and s as in Theorem 1.1. Then, for
any t, 0 t T ,
t2 21 1u t  w t  Re  u wŽ . Ž . Ž .H2
0
2t3  2 ˜3 C  u w dt  C uu  u dt ,Ž . Ž .Ž . HL 
0
  Ž   r s .where C  C Re, u .L Ž0, T ; L .
Before proving the theorems in Section 3 we will very briefly review the
  Ž .model in Section 2. The notation we use is all standard:  and  ,  the
2Ž .L  norm and inner product. The deformation tensor associated with a
1 tŽ . Ž .vector field  is denoted       . V will denote the space of2
divergence free, periodic functions with zero mean,
V  
 X :    ,   0, for all 
 L2  ,Ž . Ž . 40
1Ž .and X will denote the periodic H  functions with zero mean,
d dd2 2X  
 L  : 
 L  ,  x Le  x , andŽ . Ž . Ž .Ž .j½
 dx 0 .H 5

Remark. The assumption that u, w are strong solutions considerably
shortens and simplifies the proofs, but it is not essential. The key assump-
rŽ sŽ ..tion is that u
 L 0, T ; L  . Under this condition Theorems 13 also
hold for weak solutions.
2. THE MODEL
Convolving the NSE with g gives   u 0 and
1u    uu  pRe u f .Ž .t
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The nonlinear term uu can be expanded by using the decomposition of u
Ž . Ž .into means u and fluctuations u  u u . This gives the decomposition
of uu,
     2.1 uu u u u u uuuu  u uu u ,Ž . Ž . Ž .
into the so-called resolved term, cross-terms, and turbulent fluctuations.
The scale similarity assumption is originally due to Bardina et al.
  Ž .BFR80 . It postulates that eddies smaller than O  interact with the
Ž . Ž . Ž .O  eddies in much the same way as O  eddies interact with O 2
eddies. Motivated by these ideas, a new scale similarity model was intro-
  Ž .duced in L99 . This model arises from 2.1 as follows.
Ž .First, the turbulent fluctuations in 2.1 are modeled by the Boussinesq
   hypothesis that they are dissipative in the mean; see, e.g., IL99 , B77 , or
 MP93 . This gives
  t2.2 u u    , u u u ,Ž . Ž . Ž .T
Ž .where   , u is the so-called turbulent viscosity coefficient. The cross-T
Ž .terms in 2.1 are modeled by scale similarity:
 2.3 uu  u uu u u  u u uu u u  u u u.Ž . Ž . Ž . Ž . Ž .
Finally, the resolved term is modeled by
uu uu dissipative mechanism on O  scales, whereŽ .
2.4Ž .
  uu    uu A  u.Ž .Ž .
Ž . Ž . The operator A  w has variational representation; A  : X X satis-
fies
 A  w ,      w w ,   .Ž . Ž . Ž . Ž .Ž . Ž .F
Ž .Using this, we can obtain a more concrete representation for A  .
Indeed, integration by parts and exploiting self-adjointness of the averag-
ing operator gives
 A  w ,        w w     w w , Ž . Ž . Ž . Ž . Ž .Ž . Ž .F F
 when   is independent of wŽ .Ž .F
      w 2w w ,  .Ž . Ž .Ž .F
Ž .Thus, A  can be thought of as representing the operator
A  w      w w  w w .Ž . Ž . Ž . Ž .Ž .F
W. J. LAYTON552
Ž . Ž . Ž .To complete the model’s specification, insert 2.2 , 2.3 , and 2.4 into
Ž . Ž . Ž .2.1 and call w, q the resulting approximations to u, p . This gives
  w 0
1w    ww  qRe w A  wŽ . Ž .t2.5Ž .
t  w w w  w w w  w w  f .Ž . Ž . Ž .Ž .T
It will be useful later to rewrite the space filtered NSE in a more
convenient form. Adding and subtracting terms gives   u 0 and
12.6 u    uu  pRe uŽ . Ž .t
t   u u u  u u u  u uŽ . Ž . Ž .Ž .T
˜ ˜   uu  f    , in  .Ž .Ž .
˜The approximate Reynolds-like stress tensor  is given by
t˜ uu A  uu u u  u u u  u u .Ž . Ž . Ž . Ž .T
˜Thus, the magnitude of the tensor difference uu  is a measure of the
accuracy of the modeling steps employed, i.e., the ‘‘modeling error.’’
The question of boundary conditions for the large eddies is a central one
to large eddy modeling. It is nontrivial because u on  depends on the
Ž .  Ž  unknown flow u near . Thus, u 	 0 in general see GL98, S00 for
.more details . There are several possibilities for real flows. If the flow is
not driven by interaction with 	 it might be possible to impose w 0 on
Ž .	, but generally this is inconsistent. One possibility is to let   x
Ž .where  x  0 as x 	, so that w 0 on 	 is correct. This has two
unfortunate consequences. First, differentiation and convolution will not
commute, so the model becomes problematic. Second, all boundary layers
 must then be fully resolved in any simulation. In GL98, S00 a third
possibility was advanced of imposing conditions of the form
pi169 pi169w  n 0, on  , and w     t w    0 on  , j 1, 2,Ž .ˆ jˆ j
pi169pi169Ž .where n,  are the normal and tangent vectors, t is the Cauchy stressˆ j
Ž .vector associated with the model, and    , Re is the friction coeffi-
 cient. The coefficient  was calculated explicitly in S00 , and its calcula-
tion depends upon explicit knowledge of the underlying averaging process.
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3. PROOF OF THE THEOREMS
The strong solution of the NavierStokes equations can be written as a
 map, u: 0, T  V, satisfying
t 1u ,   uu, Re u , dtŽ . Ž . Ž .H t
0
t  2 f ,  dt ,  
 L 0, T ; V .Ž . Ž .H
0
 Similarly, a weak solution w of the large eddy model satisfies w: 0, T  V,
t
w ,   ww ,     w w ,  Ž . Ž . Ž . Ž . Ž .Ž .H t F
0
 w w w  w w w ,    , w  w , Ž . Ž . Ž . Ž . Ž .Ž . Ž .F
t 1 2Re w , dt  f ,  dt ,  
 L 0, T ; V .Ž . Ž .Ž .H
0
Ž . Ž .Let b u,  , w denote the nonstandard trilinear form:
b u ,  , w  u :w u    u u  :w dx .Ž . Ž . Ž .H

The first step will be to derive an equation for  u w. To this end,
rewrite the above equation for u as
t
u ,   b u , u ,      u u ,  Ž . Ž . Ž . Ž . Ž .Ž .H t F
0
1Re u , dtŽ .
t
 f ,   b u , u ,   uu,Ž . Ž . Ž .H
0
    u u ,   dtŽ . Ž . Ž .Ž .F
Subtracting the w equation from this gives
t
3.1  ,   b u , u ,   b w , w , Ž . Ž . Ž . Ž .H t
0
      ,  Ž . Ž .Ž .Ž .F
Re1  ,    w ,  dtŽ . Ž . Ž .Ž .T
t
 f f ,   b u , u ,   uu,Ž . Ž .Ž .Ž .H
0
    w w ,   dt .Ž . Ž . Ž .Ž .F
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Ž .LEMMA 3.1. The trilinear form b  ,  ,  is skew symmetric. It satisfies the
following bound in two or three dimensions:
12 12       b u ,  , w  C u u w Ž .
12 12      u u    wŽ .
12 12         u u w , for all u ,  , w ,
 X .Ž .
 Proof. Skew-symmetry was proven in L99 . The above bound follows
Ž .directly from analogous estimates on the u   , w form occurring in the
Ž  .usual NavierStokes case e.g., G99 .
Ž .Setting    in 3.1 gives
2t2 21 1  3.2  t  Re       Ž . Ž . Ž . Ž .H F2
0
   w ,  dtŽ . Ž .Ž .F
21  0Ž .2
t
 f f ,   b w , w ,   b u , u , Ž . Ž .Ž .H
0
    u u ,  Ž . Ž . Ž .Ž .F
 b u , u ,   uu, dt .Ž . Ž .
The first bracketed term on the right side simplifies to
t t b w , w ,   b u , u ,  dt  b  , u ,  dt ,Ž . Ž . Ž .H H
0 0
by Lemma 3.1. The other terms on the right side are bounded as follows:
t t 2 2 1   f f ,  dt     C f f dt ,Ž .H H 1
0 0
t t 2 1   u u ,   dt     u u dtŽ . Ž . Ž . Ž .Ž .Ž .H HF F2
0 0
2t 1      dt .Ž . Ž .HF2
0
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Ž .Inserting these bounds into 3.2 gives
2t2 2 1 11  3.3  t  Re          dtŽ . Ž . Ž . Ž . Ž .H F2 2
0
t t 22  11   C f f dt     u u dtŽ . Ž .H 1 HF2
0 0
t t    w ,  dt  b  , u ,  dtŽ . Ž . Ž .Ž .H HT
0 0
t  b u , u ,   uu, dt .Ž . Ž .H
0
Note that
t t t22 2       w ,  dt    dt  C    w dt ,Ž . Ž . Ž . Ž .Ž .H H HT max
0 0 0
Ž . Ž .where   max  s,   0 as  0. Note further that due tomax s T
 the a priori bounds in L99 ,
t 2    w dt  0 as  0.Ž .Hmax
0
Ž .Thus, 3.3 becomes
2t2 2 1 11  3.4  t  Re  2        dtŽ . Ž . Ž . Ž . Ž .H F2 2
0
t 22 11   C f f     u uŽ . Ž .H 1 F2
0
t2   C    w dt  b  , u ,  dtŽ . Ž . Ž .Hmax
0
t  u u   , u u dt ,Ž .Ž .H
0
where the last term was simplified by using the identity
t t b u , u ,   uu, dt  u u   , u u dt .Ž . Ž . Ž .Ž .H H
0 0
Consider this last term. We wish to show that, modulo a term which can be
t   2 hidden in the H  dt term on the left side, it approaches zero as0
 0. To this end, we will use an inequality originally due to Serrin in
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   1963 Se63 in the form presented by Galdi G99, Lemma 4.1, pp. 30 .
Ž .Specifically, in dimension 3 improvable in 2 d for any r and s satisfying
3 2    1, s
 3,
 ,s r
t 3.5 u u   , u u dtŽ . Ž .Ž .H
0
12
t 2   C  dtH
0
32 s 1r
t t2 r 2 
s     u u dt u u u u dt .Ž .H H L
0 0
Elementary inequalities then imply that for any 
 0,
t 3.6 u u   , u u dtŽ . Ž .Ž .H
0
t 2     dtH
0
3s
t 2  C   u u dtŽ . Ž .H
0
2r
t4 r r 
s    sup u u u u dt .H Lž / 00tt
By the first a priori estimate for u and elementary properties of mollifiers,
2 t  Ž .  H  u u dt  0 as  0 and sup u u  0 as  0.0 0 t t
rŽ sŽ .. t Furthermore, by assumption, u
 L 0, t; L  . Thus, the term H u0
r 
s Ž .u dt  0 as  0. Inserting these into 3.4 givesL
2t2 2 1 11  3.7  t  Re  3        dtŽ . Ž . Ž . Ž . Ž .H F2 2
0
t  b  , u ,  dt  Z  ,Ž . Ž .H
0
Ž .where Z  denotes all of the remaining terms which approach 0 as  0
t Ž . 0. Consider the remaining term H b , u,  dt . First note that0
t tb  , u ,  dt     , u     , u uŽ . Ž . Ž .H H
0 0
     , u dt .Ž .ž /
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Applying Serrin’s inequality term by term gives
11r 1r
t t t2 r 2  
s     b  , u ,  dt  C  dt  u  dt .Ž .H H H Lž / ž /0 0 0
ŽThis bound is, of course, improvable, but this form suffices for our
.purposes here. Thus,
t t t2 r 2  
s     b  , u ,  dt    dt  C  u  dt .Ž . Ž .H H H L
0 0 0
1 Ž .Picking Re 8 and inserting this into 3.7 gives
2t2 2 1 1 11   t  Re        dtŽ . Ž . Ž .H F2 2 2
0
t r 2 
s    C Re u  dt  Z  .Ž . Ž .H L
0
The first theorem now follows from Gronwall’s lemma.
Ž . Ž .For the second result, subtract Eqs. 2.5 and 2.6 , multiply by  u
w, and integrate over . This gives, as before,
t2 2 1 1   t  Re    dtŽ . Ž .H T2
0
t2 1 ˜  0  b w , w ,   b u , u ,    uu,  dt .Ž . Ž . Ž . Ž .Ž .H2
0
t Ž . Ž . The difference H b w, w,   b u, u,  dt is treated exactly as in the last0
proof, and the last term is bounded by
 12 2˜ ˜    uu,      uu .Ž .Ž .
2 2
Inserting this and applying Gronwall’s lemma yields the result.
For Theorem 1.3, we follow the same path. Subtracting and multiplying
by  gives
t21 t3.8  t    , u u uŽ . Ž . Ž . Ž .ŽH T2
0
t  , w w w , u wŽ . Ž . Ž . .T
2 1  Re  dt
t21  0  b w , w ,   b u , u , Ž . Ž . Ž .H2
0
˜  uu,  dt .Ž .Ž .
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The SmagorinskyLadyzhenskaya model satisfies the monotonocity condi-
tion
32
3  , u  u    , w  w , u w 	 C  u w ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . LT T
  Ž .for C
 0; see, e.g., L96, DG91 . Using this result in 3.8 and proceeding
thereafter exactly as in the previous proof yields Theorem 1.3.
4. CONCLUSIONS
The ultimate test of a large eddy model is naturally how close its
predicted velocity w matches u. Such studies are difficult and scarce, as
  Ž .noted by J99 . Thus, it is also interesting to seek qualitative analytical
tests for reasonableness. Since the kinetic energy in u is provably finite for
all time, one such test is that the kinetic energy in the model is provably
bounded.
 This was established in L99 for the model considered herein. Since
u u as  0, another test is that w u as  0. This condition is
established herein.
Furthermore, we also show that the difference for this model between w
and u is bounded by a residual type modeling error term evaluated on the
solution. Thus, the quantitative accuracy of the model w as an approxima-
2tion for u can be evaluated by estimating the L norm of this residual in
Ž .either a moderate Re direct numerical simulation of u or by data from
observations of real flows.
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